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Abstract 

Based on Golomb's arithmetic formulas, Dirichlet series for two 
classes of twin primes are constructed and related to the roots of the 
Riemann zeta function in the critical strip. 
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1 Introduction 

Golomb used his arithmetic formula pQ 

2A(2a - l)A(2a + 1) = £ n{d) log 2 d, a > 2, (1) 

d\4a?~l 

where A(n) is the von Mangoldt function and n(n) the Mobius function [2], [3], 
as coefficients of a power series which naturally converts to a Lambert series. 
Due to the lack of an Abelian theorem for the latter, no further progress 
toward a solution of the twin prime problem was possible. However, the for- 
mula may be used to construct twin prime Dirichlet series. Such a method 
is applied here to twin primes p,p' = p + 2D for odd D > first and then 
even D > 0. Based on the corresponding Golomb identity 

2A(2a — D)A(2a + D) — £ ft(d) log 2 d, a > a D , (2) 

d\4a 2 ~D 2 
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for the generalized twin prime numbers p = 2a — D,p' = 2a+D. The numbers 
dp > characterize the first twins that are a distance 2D apart. While the 
running median 2a between p = 2a — D and p' = 2a + D for odd D is an even 
number independent of D, whereas od depends on D and is more irregular. 
For example, Od = 2 for D — 1; cld = 4 for £> = 3; a/) = 4 for £> = 5; ap = 5 
for D = 7; = 7 for D = 9, etc. 

For most even D, such as 2, 4, 8, 10, 14, 16, . . . the median 3(2a — 1) be- 
tween the twin primes p = 3(2a — 1) — D and p' — p — 3(2a — 1) + D that are 
a distance 2D apart is again a linear function of the running natural number 
a. Golomb's identity for these cases is 

2A(3(2a- 1) -D)A(3(2o- 1) + D) = ]T fx(d) log 2 d, a > a D . (3) 

d|9(2a-l) 2 -D 2 

For Q\D the median is more irregular. Therefore, these twin prime numbers 
and those not of the form (2a — D,2a + D); (3(2a - 1) - D, 3(2a - 1) + D) 
will not be considered here. 

The strategy will be to decompose the relevant Golomb identity into two 
factors whose generating Dirichlet series, one acting as the prime number 
sieve and the other to implement the constraint n = 4a 2 — D 2 in J2d\n ^{d) log 2 d 
for the twins for odd D and n = 9 (2a — l) 2 — D 2 for even D, are then used in 
a product formula for Dirichlet series to construct the twin prime Dirichlet 
series. 



2 Twin Prime Generating Dirichlet Series 

Definition 2.1. The generating Dirichlet series of one factor of the term on 
the rhs of Golomb's identity ([T|) is defined as 

Z ( s ) = E - E M^) log 2 d, = a > 1. (4) 

n=2 71 d\n 

The series converges absolutely for o > 1 . Multiplying termwise the Dirichlet 
series 

d? 1_ _^ fi(n) \og 2 n 

ds 2 C(s) ~ U ^ } 
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and C( s ) ; which is justified by absolute convergence of both series for a > 1, 
gives Eq. fll]). Carrying out the differentiations yields 

z < s > = « s »^cw = H cw j - Tw = -^? (s) + IcwJ ■ (6) 

Among the poles of the meromorphic function Z(s) are the roots p of the 
Riemann zeta function in the critical strip < a < 1, which is clear from 
Eq. dU). The next two lemmas display analytic properties of Z(s) that are 
needed in Section 6. 

Lemma 2.1. A pole expansion of Z(s) is given by 

Z(s) = - 1 |V 1 , lrf r/ (f + l) 

1 J " (*-i) 2 V (*-p) 2 + 2d,r(§ + i) 

wift 7 = 0.57721566 ■ • ■ the Euler-Mascheroni constant and p denoting the 
zeros of £(s) in the critical strip < o < 1. 

Proof. The pole expansions [2],|I] of the meromorphic functions -f^p ^(sf > 

r(£) _ ^ 5-1 

r(a) 7 £in(n + s-l)' 

in Eq. ([6]) lead to the corresponding pole expansion of Z(s). o 
Thus, Z(s) has a simple pole at s = 1 with the residue 

r z (l) = 2[l-log27r]+ 7 + ^(^)-2 5: 1 



oo 



at s = p with the residue 

2 2 00 

r z {p) = -2[l-log27r] 7 + - + E 



P~ l P ^i\ 2n + P n J 

2 i\ r', p N 

^V2n + p n; T 2 



at s = — 2n for n = 1, 2, . . . and double poles at s = p, all with coefficients 2, 
and s = —2n for n = 1,2,.... 

Lemma 2.2. The functional equation for Z(s) is given by 



Z(l 



+ 



d T'(s) 



(n/2f 



ds T(s) cos 2 stv/2 



+ 2 



C'(*) 

coo 



r'(s) 7T S7T 

— - -r — log 27r tan — 

r s) 6 2 2 



Proof. Differentiating the functional equation [2], [I], [6] of 



C'(l-S) , 7T S7T r'(s) C'(S) 

^-j f = - log 2vr - - tan — + — ^ + ^f-f . 

Cl-s 2 2 r s c(s 



(12) 



we obtain 

C(l - 3) 

C(l-«) 



,C(1-*) 



rfr'( s ) + ("(«) fCW 



(tt/2) s 



(is rfs) 



C(«) 



COS 2 S7r/2 



(13) 



and thus the corresponding functional relation for Z(s). o 



3 Constraint Generating Dirichlet Series 

Definition 3.1. The generating Dirichlet series that implements the constraint 
in Golomb's identity is defined as 

OO 1 

Qn{s)= E (4q2 _ d2 w (14) 

a>[D/2] ^ a U > 

with [D/2] the integer part of D/2. It converges absolutely for a > 1/2. 
Lemma 3.1. 

Q D ( S )=rE(-ir 7 U S )[C(2* + 2i/)- £ a- 2 - 2 1, (15) 

v=0 V Z 7 \ / a<[D/2] 

where [D/2] is the integer part of D/2. 

Proof. Using a binomial expansion and interchanging the summations, 
which is justified by absolute convergence for a > 1/2, we obtain Eq. ffl~5l) . o 
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Therefore, Qd(s) has a simple pole at s = 1/2 with residue 1/4 and at 
s = |(1 — 2z/) with residue |(— D) 17 ^ ^ ^ ^ for z/ = 1, 2, . . . and is regular 
elsewhere. 

Definition 3.2. The subtracted constraint Dirichlet series is defined as 



q D (s) = Q D (s)-2- 2s [a2s)- £ a" 2 "' 

a<[D/2] 



JkS^-D'Y (4a^)' (16) 
Corollary 3.1. qo{s) can be resummed as the contour integral 

= 2^ X (t§t| - log : ) [{Az2 - Dr '- {iz2r ' ]dz ' ff 4 < 17) 

where the contour C runs parallel to the imaginary axis from c — ioo to c+ioc 
with -[D/2] - 1 < c < -[D/2], and [D/2] the integral part ofD/2. 

Proof. Adapting a variant of the integral representation of the zeta func- 
tion due to Kloosterman jl], 

C(2s)- y a~ 2s = — [ ( r'(2 + z) _ \ z _ 2s 

a <^ /2] 2m J(-[D/2]-l<c<-[D/2] \ r(2 + Z) J 

a > 1/2, (18) 

where the contour runs parallel to the imaginary axis through the abscissa 
c. The integral representation can also be obtained by folding the contour 
to the left, running from — oo back to — oo enclosing the point — [D/2] — 1 in 
an anticlockwise sense and applying the residue theorem, o 

Lemma 3.2. The Dirichlet series qn{s) is regular for a > —1/2, 0(1) 
for \t\ — » oo and, with its general term grouped as [(2a) 2 — D 2 ]~ s — (2a)~ 2s , 
converges absolutely for o > —1/2. 

Proof. For a large compared to \t\, the convergence is the same as for 
t = 0, i.e. s = a, which is a well known property of Dirichlet series. A 
binomial expansion of the general term of qr>{cr), 

(2a)- 2 ^ [ (l - ^ * - l] = 0(a- 2 ^ 2 ), (19) 



5 



shows the absolute convergence and regularity for a > —1/2. o 

The convergence of the integral representation of qo{s) may be improved 
by including more terms of Stirling's asymptotic series j5]. This observation 
leads to 

/ \ -If fF(2 + z) , , 1 1 \ 

qD{s) = 2^ic\W^ g{z+) ~W^) + W^W) 

■ [(4z 2 - D 2 Y S - (Az 2 y s ]dz. (20) 

Now we deform the contour to enclose the real axis in the left-hand plane 
along two rays from the origin with opening angle <t>/\t\ around it for fixed 
$s(s) = t 7^ and — ir < (j) < tt, i.e. z = —re^'™, r > is used to show that 
the general term is 0(1) for t — > ±oo. The conic area bounded by the rays is 
closed off by a small circular path around z = —[D/2] — l. Stirling's series for 
the logarithmic derivative of the Gamma function applies outside the cone 
area guaranteeing convergence of the integral in Eq. fl20|) . Each term in 

[Az 2 -D 2 ]- S - (2zY 2s 
= [(2r) 2 e 2 ^ 7r_ ^'''^ — D 2 ] _<J_i * — [(2r) 2 e 2i( - 7r_ ^'*'- ) ] _<J_i * (21) 

remains bounded, in absolute value, as we let t — > ±oo for a > —1/2. 



4 Twin Prime Dirichlet Series 

The following product formula for absolutely converging Dirichlet series is 
one of our main tools; it is obtained from summing a well-known formula 
from which mean values of Dirichlet series are usually derived. We mention 
it for ease of reference and because details of its proof are needed in Sect. 6. 
Lemma 4.1. (Product formula.) Let the Dirichlet series 

f(s) =t^ 9(s) = ± h - s (22) 

be single-valued, regular and absolutely convergent for a > o a and a > a b , 
respectively. Then the product series 

p n = f^ = tLh I-t f{a + tt)9{w m (23) 
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is regular and converges absolutely for dt(w) = u > a + a > a a + 1. T/ie 
Hmit o/i/ie integral exists and is a regular function of the variable w = u + iv. 
Proof. Substituting the Dirichlet series and using [2J,[4J 



2T, n = m 

2sin(Tlog n/m) , 
log n/m ' I 

we obtain the first term on the rhs of 



T / n \it 

- dt 

-t \mj 



n 



sin T In — = 0(1), T oo,(24) 



00 o b 

Uj m u n 



E 

m,n=l 



n u 



2T j-t \m 



a„b 



y ™ + i im y 



n=l 



0"mb n ( n \ a sin(T log n/m) 
m/ Tlogn/m 



00 a b 



E 

n=l 



n u 



(25) 



which converges absolutely because u > a a + + e. 

To deal with X^m^n we split the summation m 7^ n into the ranges n < 
m/2,m/2 < n < 2m, n > 2m. Since |log^| > l/log2 for n < m/2 we 
obtain the estimate 



E 

n<m/2 



tt m b n f n \ a sin(Tlogn/m) 



log n/m 



< 



\ -» I o, m b n I 
log 2 n u - a m° 

n<m/2 



0(1), (26) 



provided n — a > and cr > cr a . For n > 2m, we get the same estimate. 
For m/2 < n < 2m, we split the range y < n < 2m into y < n < m and 



m < n < 2m with n ^ m and use 
1 1 



lOKfl - i' 



n + 0(l), 



log 1 - 



2 + o(D, 



n— 1 1 

nV- = 0(nlogn)(27) 



to obtain the estimate 



E 

-<n<m 



log- 



0(m logm) 



(28) 



and the same estimate for the range m < n < 2m. Putting all this together, 
we find for a > a a + 1, u — a > cr& that 



E 



a m b n ( n \ a sin (Tlogn/m) 



m/2<n<2m 



III 



log n/m 
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Using termwise differentiation with respect to the variable w in the integrals 
in conjunction with the estimate logn = 0(n e ) shows the absolute conver- 
gence of the termwise differentiated product series and the regularity of the 
product series, o 

As a first step toward constructing the twin prime Dirichlet series we 
apply the product formula to Z(s)qz>(s — w). 

Theorem 4.1. For odd D > 0, ^(w) = u > a + ^, a > 1, 

~ 2A(2a — D)A(2a + D) _ 

2. (4a 2 - D 2 ) w ~ [W) 

a>[D/2] ^ I 

1 f T 

+ lim — / Z(a + it)qo{w — a — it)dt, (30) 

T->oo 2T J-T 

w x ^ Ed|(2n)2Md)l0g 2 d 

A H = L T^L > ( 31 ) 

n>[D/2] ^"v 

where the limit of the integral on the rhs is a regular function for u > 5/2 
and i/ie asymptotic series A(w) converges for u > 1/2. 

Proof. Since Z(s) converges absolutely for cr > 1, the product 
Z{s)2- 2w - 2 %{2w - 2s) - Ea<[D/ 2 ] a~ 2w+2s ] converges absolutely for u - a > 
1/2, i.e. u > 3/2. Lemma 4.1 implies that the integral in Eq. fll]) is 0(T) 
and the limit T — > oo exists representing a regular function for o > 5/2. The 
integral over Z(s)2- 2 ^ w -^[C(2(w - s)) - E«<[b/ 2 ] a~ 2u;+2s ] in Eq. (0} is O(T). 
We apply the product formula and obtain the first term on the rhs of Eq. 
for u > 5/2. o 



5 The prime pair generating and asymptotic 
Dirichlet series 

In order to analyze the generating Dirichlet series Z(s) introduced in Sec- 
tion 2 and find the Dirichlet series on the rhs of Eqs. (I55p . f l3~Tj) in Theor. 4.1, 
which we call asymptotic Dirichlet series, we evaluate the arithmetic func- 
tions in their numerators. 

Proposition 5.1. Let n = Yli=iPi\ v % > — Ili=iPi be prime number 
decompositions. Then 

£ /i(d) log 2 d = ]>>(d) log 2 d. (32) 

d\n d\P 
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Ifn = p is prime then 

J2Kd)\og 2 d=-\og 2 p. (33) 

If n = piPj for prime numbers Pi ^ pj then 

M d ) lo S 2 d = 2 lo gPi l °gPj- ( 34 ) 

d\pipj 

If k > 3 in P = n|=i P« / or different prime numbers pi then 

$>(<*) log 2 d = 0. (35) 

Proof. Eq. (1321) is obvious from the properties of the Mobius function, as is 
Eq. (133]) . Eq. (151) follows from 

^ /x(d) log 2 d = - log 2 - log 2 pj + log 2 = 2 log ft logpj. (36) 

Eq. (I3"5"j) for = 3 follows from expanding log 2 PiPj = (logp, + log Pj), 2 etc. 

fi(d) log 2 d = - log 2 pi - log 2 pj - log 2 pi + log 2 p^j + log 2 pipi 

d\pipjpi 

+ log 2 pjpi - log 2 PiPjPz = 2 log pi log pj + 2 log pi log p; + log 2 pi + log 2 pj 

+ log 2 pi + 2 log pj log pi - log 2 pi - log 2 pj - log 2 p; 

- 2 log pi log pj - 2 log pi log p z - 2 log pj log p; = 0. (37) 

For the general case k, Eq. (135 j) is proved by induction. Assuming its validity 
for we can show that for + 1: 

= - log 2 p fc+ i + log 2 pipfc+i H h log 2 pfcPfc+i 

- log 2 pip 2 Pfc+i log 2 pk-xpkpk+x + log 2 PlP2P3Pfe+l H 

+ log 2 p fc _ 2 Pfc-iPfcPfc+i ± h (-l) fc+1 log 2 pip 2 ...p fc+ i. (38) 

This follows from verifying that the coefficients of log 2 pi are zero, as are 
those of 2 log piPj. In essence, Eqs. (I34|35l) comprise Golomb's identity §T§ 
for A(n), log 2 n. o 

A comment on the constraint (2a — D, 2a + D) = 1 of Golomb's formula is 
in order. If d\2D and d\2a — D then d\2a+D; if d\2a — D, but d is not a divisor 
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of 2D, then d is not a divisor of 2a + D. Thus, for odd D, if d\2a — D then d 
does not divide 2a+D, except for a finite number of divisors of D. Likewise, if 
d\3(2a — l)—D and d does not divide 2D, then d does not divide 3(2a— 1)+D. 
If a = 65 with 5|D then, for odd D,2a-D = 5(2b - f ), 2a + £> = 5(26 + f ) 
an d X^j^ztfP-D 2 /'? 2 ) fJ>(d) log 2 d = follows from Lemma 5.1. For even D, 
if 2a - 1 = 65,5|Z> with 5^2 then 9(2a - l) 2 — D 2 = 5 2 {9b 2 - ^) and 
Sd|<5 2 (9fc 2 -D 2 /<5 2 ) M^) log 2 d = follows again from Lemma 5.1. Thus, despite 
(2a - D, 2a + D) ^ 1, (3(2a — 1) — D, 3(2a - 1) + D) ^ 1, Golomb's identity 
is trivially satisfied for such values of a. 

Lemma 5.1. The coefficient of the asymptotic Dirichlet series A(w) of 
Theorem J^.l is given by 

21og21ogp, a = 2 l p?,i > 0, j > 1 
J2 K d ) lo S 2 d = { - W 2 2, a = 2\ i > (39) 
^ 1 0, a = 2^'niiPr% Pl ^2, k>2, 

where p,p% are prime numbers ^ 2. 

Proof. This follows from Prop. 5.1. Using the prime number decomposi- 
tion of a = I\j=iP'j\ P = LT}=iPi in conjunction with 



E lo g 2 rf = E M lo s 2 

d|4a 2 



(40) 



!|2P 



the first and third lines of Eq. (|39|) are immediate consequences of Golomb's 
identity. The second line is a special case of J2d\ P ^{d) log 2 d = — log 2 p, where 
p is a prime number, o 

Theorem 5.1. For odd D > 0, A(w) of Eq. / T57]) m Theor. J^.l becomes 



A(w) 



+ 



-2 log 2 



E 



(2 2MI - 1) 



'C 
s 



logp 



<22jiitp2kw 



(2w) 



log 2 2 



log 2 

)2u> _ 



2 2w - 1 



E 



i 



.(41) 



2Jp fe <[D/2],p>2 l<2J<[D/2] 

T/ifis, A{w) has a simple pole at w = 1/2 wtt i/je positive residue log 2. 
Proof. Summing the Dirichlet series A(w) using Lemma 5.1 yields 

1 _ . _ ^ , log p 



A(w) 



log 2 2 



log 2 2 £ 



2 2w - 1 



2i>[D/2] 

+ E 



2(j+l)2w 



+ 21og2 ]T 



2ip k >{D/2],p>2 



22jutp2kw 



l<2i<[D/2] 



2 2ji 



+ 21og2 £ 



2Jp fc >[D/2],p>2 



logp 

22jwp2kw ' 



(42) 
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from which Eq. (j410 and the residue follow, o 



6 Limit of the Integral 



In order to study the integral of Theor. 4.1 we now evaluate the contour 
integral 



I ( w ) = 77— / Z{s)q D (w - s)ds =h + I 2 + h + h, 

Z7CI JC 



(43) 



where the contour C is a rectangle with the vertices 1 + e — iT, 1 + e + iT, — e + 
iT, — e — iT and T 7^ 7, p = (3 + 27 the general root of £(s) in the critical 
strip, 1 1 is the integral from 1 + e — iT to l + e + iT, I2 from 1 + e + iT, to 
— e + iT, J 3 from — e + iT, to — e — iT and I4 from — e — to 1 + e — iT, e > 0. 
The limit lim^oo of the integral I\ in Eq. ( 1551) of Theorem 4.1 needs to 
be analyzed. 

Lemma 6.1. For u > 5/2 



T{w) 



q D (w - 1) 



2(l-log27r) + ]T 



/ J 2 y 1 

£^2n(n + ±) p ^ T p(l-p) 



+ 2 l^(^-p) 
/o,l7l<r 



2(log27r- 1) 



2 2 
p- 1 p 



r 

n 



(44) 



Proof. Eq. (j44p follows from using Eq. (J7J) and the residue theorem taking 
into account the poles at s = l,p inside the rectangular contour. 

For the evaluation of 12,-^4 we need bounds for Z(s),qz>(w — s) for s = 
a±iT. 

Lemma 6.2. J 2 = C(log 3 T),/ 4 = 0(log 3 T) for u > 5/2 and all suffi- 
ciently large and and appropriately chosen T. 

Proof. We know [B] that for sufficiently large \t\ and — 1 < a < 2 



CM 

COO 



E 

p,|t— 7|<1 



i_ r 



+ 0(log|t|). 



(45) 



Choosing £ = S(s),T = \t\ sufficiently large and appropriately we can 



arrange that \t — j\ > 



1 



lo K T' 



when 1 7 — t\ < 1. There are at most OilogT) 



11 



roots p with I7 — t\ < 1. As a result [6J, 
1 ^ 1 



E 



E 



P,|7-T|>1 



Pi 



+ E 



p,|7-T|<l 



Pi 



0(logT) + O(log 3 T).(46) 



Hence = £>(log 3 T) for J 2 and the same bound holds for 1 4 and — e < 

a < 1 + e. 

On all four sides of the rectangular path — e < a < 1 + e, — s) > — | 
for u > 3/2 the Dirichlet series ^(w — s) remains bounded for u — o > 1/2, 
in absolute magnitude, for \t\ — > 00 according to Lemma 3.2 . 

Lemma 6.3. For u > 5/2, J 3 = 0(log 2 T). 

Proof. For ^3 we will use the functional equation ( ITT]) of Z(s) to evaluate 
the first term on the rhs of 




TV 



/2f 



~ e + iT r d T'(s) 

^ qD(w _ _ + ii_M . cos2 w2 

- log 27r tan — 

s 2 2 I 



r'(s) , „ 7T S7T 

— 7— r- — log 2ix tan — 

T(s) & 2 2 



ds, 



(47) 



g£)(w — s)Z(l — s), by substituting the absolutely converging Dirichlet series. 
This yields a double series J2 m ,n as f° r A m Lemma 4.1 involving the integral 
J^ T (m[(2n) 2 — D 2 )] lt dt. Thus, there is no contribution for An 2 — D 2 = m that 
would be proportional to T. As earlier, J2 m ^(2n) 2 -D 2 involves sin(Tlog[(2n) 2 — 
D 2 ]m) and is 0(1) for u + e > 3/2. The same applies to the double sums 
involving (2n) 2 and An 2 — 2D 2 instead of (2n) 2 — D 2 . 

To deal with the term involving —^^2(7 + \og2ix)qr,{w — s) we use 
the functional equation of Lemma 2.2 and then substitute the absolutely 



converging Dirichlet series for qo(w — s) and 



C'(i-«) 
' C(i- 



at a 



Again, 



each double series is obtained as for Ii in Lemma 4.1 involving the integral 
f5 T (m[(2n) 2 - D 2 ]) u dt, J^ T (m(2n) 2 ) it dt, or J^ T [m(An 2 - 2D 2 )fdt, respec- 
tively. Again, there is no contribution for (2n) 2 — D 2 = m, (2n) 2 — 2D 2 = m, 
or (2n) 2 = m, that would be proportional to T. As earlier, J2 m ^(2n) 2 -D 2 , 
Em^(2n)2-2D2, or J2 m ^(2n) 2 lead to the bound 0(1). 
Putting all this together, we obtain 



1 

2tH 



e+iT 



e—iT 



q D (w - s) 



12 



+ 



d r'(s) (tt/2) 2 



ds r(s) cos 2 stt/2 



T'(s) , n 7T S7T S 

— ;— — log 2ir tan — 

F(s) 22, 



-21og2 I - I ta„ T + 2 T ^- )JLr(s) 



r'(s) 7T S7T 

— log 2n tan — 

6 2 2 



+ 2 



C'(i 



C(l-«) 



r'(s) 7T S7T 

rW + 7_ 2 tan Y 



ds + 0(l). 



(48) 



The term J- Jl^ q D (w - s)^j- 2 ds = 0(1) because (cos 2 src/2)~ 2 = 
0( e -l*k) for t ->• ±oo. 



The terms involving | tan 



S7T I 

2 I 



I £ tan f 



= ^(e-l^/ 2 ). 



— > 1 for i — > ±oo, so 
Using integration by parts, we get the following estimate for this term from 
the Dirichlet series for qn(w — s) 



I 



-e-iT 

oo 



tan ^£[(4 



m 



D 



2\s—w 



(4m 2 ) s - w }ds 



m=2 



[(4m 2 - D 2 ) s - w (\og(4m 2 - D 2 )) 

m=2 



2\\-l 



STY 



(4m 2 ) s - w (2 log(4m 2 )) -1 ] tan — 

2 



-e+iT 
-e-iT 



e+iT °° 

J2\(2m) 2 - D 2 ] s - w [log((Am 2 - D 2 )Y 



e-iT 



m=2 



- (4m 2 ) s -"'(21og(4m 2 ))- 1 

- (4m 2 - 2D 2 ) s -"'(2 log(4m 2 - 2D 2 ))- 1 ]-^- tan — ds, 

do Zi 

where the integrated term is 0(1) because the Dirichlet series is absolutely 
convergent, tan 4f = 0(1) and the integral is 0(1). Terms involving tan 



tan ^-j^j are handled in the same way. 

The terms involving q D (w — s)^M- are also treated by integration by parts 
where the integrated term is 0(logT) and the integral is integrated by parts 
leading to -^j^j = 0(T _1 ) at s = — e ± iT. Hence the remaining integral 

is 0(logT). The term involving qoiw — s)jj~^ is treated by integration 

by parts leading to the same estimate. The term qo(w — s) (y^) ls a ^ so 
treated by integrating by parts leading to an 0(log 2 T) estimate. 



2 STT_ 

2 ' 
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The product qr>(w — s 



C'(i-s) 



L , i _ s j is another absolutely converging Dirichlet 
series without constant term, i.e. unity. All these terms in Eq. (H8]) are also 
treated by integration by parts leading to the estimate O(logT). Putting all 
this together proves Lemma 6.3. o 

Theorem 6.1. For odd D > 0,u> 5/2, 



lim 

T-5-oo 



T 



2(log27r-i; 




q D {w - p) 



lim 

T^oo T 



E 

a>[D/2] 



/>- 1 ' p ^\2n + p 
2A(2a — D)A(2a + D) 



n 



-H 



D 



W 



p) 



(4a 2 - D 



2\w 



(49) 



Proof. We apply the limit T — > oo on T{w) to Eqs. P3|) . fj44|) using the 
bounds on I 2 , 13, from Lemmas 6.2, 6.3 to obtain Eq. ( ]4"9~]1 because the first 
line of Eq. fj44l) and the first term of the second line drop out. The last line 
follows from Theor. 4.1 and Lemma 4.1. o 

This is our main result. Due to the limit T — > 00 in Theor. 6.1 the twin 
prime distributions depend on the asymptotic properties of the roots of the 
Riemann zeta function. This feature contrasts with the analytic proof of 
the prime number theorem, where the remainder term is linked to the roots 
of the Riemann zeta function producing the staircase-like corrections of the 
smooth asymptotic limit from all zeta function roots, whereas the leading 
asymptotic term has nothing to do with them, originating from the simple 
pole of the Riemann zeta function. 



7 Twin Primes For Even D 



Definition 7.1. The corresponding constraint generating Dirichlet series is 
defined as 

1 



Qd(s) 



a>^/6] [ 32 ( 2a 



D 



21 ,s 



, a > 1/2, 



(50) 



with [-D/6] the integer part of D/6. 

Lemma 7.1. The expansion corresponding to Lemma 3.1 becomes 

00 , T-) \ 2^ 

Qd(s) = E(-ir 



u=0 



-2..s 



V 



1 



1 



22s+2i 



C(2s + 2z/) 



14 



- £ 



i 



\2s+2v 



a<[D/e] ( 2fl 1 

Definition 7.2. The subtracted constraint Dirichlet series is defined as 



(51) 



Qd(s) = Qd(s) - 3 



-2s 



;i-2- 2s )C(2,)- £ (2a-l)- 2s 

a<[D/6] 



(52) 



Equation (|20|) of Lemma 3.2 for this case becomes 



2k i .h\r(s=±) 



log i 



z-3 x 



1 1 

+ 



z-3 3(z-3) 2 , 



(9^ 2 - D 



2\-s 



(3z 



-2s 



dz, 



(53) 



with —2[D/6] < c < — 2[D/6] + 1. Lemma 3.2 is valid for this case with the 
general term grouped as 



1 



2s/r>„\-2s 



[3 2 (2a — l) 2 — D 2 



3~ 2s (2a 



(54) 



Theorem 7.1. For even D > 0, 3?(w) = w>cr+|,er>l, 

^ 2A(3(2a - 1) - D)A(3(2a - 1) + D) _ 

l r T 



i r 1 

+ lim — / Z(cr + it)q[w — a — it)cZt, 

T-s-oo 2T V-T 



A(w) 



g-2* £ 

n>[D/6] 



E 



d|3 2 (2n-l) 2 



/x(c?) log 2 d 



(2n - I] 



2tt' 



(55) 



(56) 



This is Theor. 4.1 for even D. 

Lemma 7.2. The general coefficient of the asymptotic Dirichlet series 
A(w) is given by 



_^ - In 2 3, 2a - 1 = 3 i 

= <^ 2 In 3 log p, 2a — 1 = p\ p ^ 3 
d[9(2a-i)2 1 o, else. 



(57) 
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Theorem 7.2. For even D > 0,A(w) of Eq. I[3l\) in Theor. J^.l becomes 

logp 



A(w) 



-log 2 3 £ 3- 2 ^ + 21og3 £ 

3J>[D/6] 3 2 i w p 2kw >[D/6],p^3 

1 



2kw 



-log z 3 
2 log 3 



3 2w - 1 



E 



(3 



2u- 



l<3J<[D/6] 



+ 



E 



3Jp ft <[D/6],p^3 



logp 

^2jwp2kw 



(58) 



Thus, v4(ty) has a simple pole at w — 1/2 with the residue log 3. 

Theor. 6.1 remains valid, except for replacing the twin Dirichlet series in 
Eq. (T49D by the lhs of Eq. §B) in Theor. 7.1. 



8 Discussion and Conclusion 

The twin prime formulas link the twin primes with the roots of the Riemann 
zeta function, which may be viewed as a step in Riemann's program linking 
prime numbers to these roots. Their dependence on the limit T — > oo demon- 
strates that the twin prime distributions depend on the asymptotic properties 
of these roots. This qualitative feature differs fundamentally from the prime 
number theorem for ordinary prime numbers where all roots contribute to 
the remainder term. 
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